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Abstract
We consider a power law 1
M2
Rβ correction to Einstein gravity as a model for inflation. The interesting feature of this
form of generalization is that small deviations from the Starobinsky limit β = 2 can change the value of tensor to scalar
ratio from r ∼ O(10−3) to r ∼ O(0.1). We find that in order to get large tensor perturbation r ≈ 0.1 as indicated by
BKP measurements, we require the value of β ≈ 1.83 thereby breaking global Weyl symmetry. We show that the general
Rβ model can be obtained from a SUGRA construction by adding a power law (Φ + Φ¯)n term to the minimal no-scale
SUGRA Ka¨hler potential. We further show that this two parameter power law generalization of the Starobinsky model
is equivalent to generalized non-minimal curvature coupled models with quantum corrected Φ4- potentials i.e. models of
the form ξΦaRb + λΦ4(1+γ) and thus the power law Starobinsky model is the most economical parametrization of such
models.
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1. Introduction
The Starobinsky model of inflation [1, 2] with an 1
M2
R2
interaction term is of interest as it requires no extra scalar
fields but relies on the scalar degree of the metric tensor
to generate the ’inflaton’ potential. The R2 Starobinsky
model gives rise to a ’plateau potential’ of the inflaton
when transformed to the Einstein frame. This model was
favored by the Planck constraint on the tensor to scalar ra-
tio which ruled out potentials like m2φ2 and λφ4. In addi-
tion the Starobinsky model could be mapped to the Higgs-
inflation models with ξφ2R+ λφ4 theory [3]. The charac-
teristic feature of the Starobinsky equivalent models was
the prediction that the tensor to scalar ratio was r ≃ 10−3.
BICEP2 reported a large value of r = 0.2+0.07−0.05 [4] but the
recent joint analysis by Planck + BICEP2 + Keck Array
give only an upper bound of r0.05 < 0.12(95%CL) [5, 6, 7].
In an analysis of the genus structure of the B-mode polar-
isation of Planck + BICEP2 data by Colley et al. put the
tensor to scalar ratio at r = 0.11 ± 0.04(68%CL) [8]. In
the light of the possibility that r can be larger than the
Starobinsky model prediction of r ∼ 0.003, generalisations
of the Starobinsky model are of interest.
We study a general power law 16M2
Rβ
M
2β−2
p
correction to
the Einstein gravity and compute the scalar and tensor
power spectrum as a function of the two dimensionless pa-
rametersM and β. It is well known that the 1
M2
R2 model
is equivalent to the ξφ2R + λφ4 Higgs-inflation model as
they led to the same scalar potential in the Einstein frame
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[9, 10]. One can find similar equivalence between gener-
alized Higgs-inflation models and the power law Starobin-
sky model whose common feature is violation of the global
Weyl symmetry. A general scalar curvature coupled ξφaRb
model was studied in [11]. The quantum correction on φ4-
potential in Jordan frame was studied in [12, 13, 14] where
they have shown the equivalence of the ξφ2R + λφ4(1+γ)
model with 1
M2
Rβ model. The generalized Starobinsky
model with Rp correction has been studied in the ref.
[15, 16, 17, 18, 19, 20, 21]. In general scalar-curvature theo-
ries the scalar plays the role of the inflaton after transform-
ing to Einstein frame whereas in pure curvature theories
like R+ 1
M2
Rβ model the longitudinal part of the graviton
is the equivalent scalar in the Einstein frame plays the role
of inflaton.
The higher order curvature theories arise naturally in
theories of supergravity. The supergravity embedding of
the Higgs-inflation [3] does not produce a slow roll poten-
tial in MSSM but a potential suitable for inflation is ob-
tained in NMSSM [22]. The potential in NMSSM however
has a tachyonic instability in the direction orthogonal to
the slow roll [23]. This instability can be cured by the ad-
dition of quartic terms of the fields in the Ka¨hler potential
[24, 25].
In the context of a supergravity embedding of the
Starobinsky model, It was shown by Cecotti[26] that
quadratic Ricci curvature terms can be derived in a super-
gravity theory by adding two chiral superfields in the min-
imal supergravity. A no-scale SUGRA[27, 28, 29] model
with a modulus field and the inflation field with a min-
imal Wess-Zumino superpotential gives the same F-term
potential in the Einstein frame as the Starobinsky model
[30]. The symmetry principle which can be invoked for the
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SUGRA generalization of the Starobinsky model is the
spontaneous violation of superconformal symmetry [31].
The quadratic curvature can also arise from D-term in
a minimal-SUGRA theory with the addition of a vector
and chiral supermultiplets [32]. The Starobinsky model
has been derived from the D-term potential of a SUGRA
model [33, 34, 35]. Quartic powers of Ricci curvature in
the bosonic Lagrangian can also be obtained in a SUGRA
model by the D-term of higher order powers of the field
strength superfield [35, 36].
In this paper we give a SUGRA model for the general
power law 1
M2
Rβ model. We show that adding a (Φ+Φ¯)n
term to the minimal no-scale Ka¨hler potential and with a
Wess-Zumino form of the superpotential W (Φ) yields the
same potential in the Einstein frame as the generalised
Starobinsky model. In the limit n = 2 the Starobinsky
limit β = 2 is obtained. We derive the relations between
the two parameters of the power-law Starobinsky model
and the two parameters of our SUGRA model. The inter-
esting point about the generalization is that small devia-
tions from the Starobinsky limit of n = β = 2 can pro-
duce large shifts in the values of r. Many SUGRA models
have been constructed which can yield a range of r from
10−3−10−1 by changing the parameters of the Ka¨hler po-
tential and the superpotential [36, 37, 38, 39, 40, 41, 42,
43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53].
We also show in this paper that our 2-parameter
SUGRA model which we relate to the 2-parameter
1
M2
Rβ model is the most economical representation of
the 5-parameter scalar-curvature coupled inflation models
ξφaRb + λφ4(1+γ) in terms of the number of parameters.
The organization of this paper is as follows: In the Sec-
tion (2), we calculate an equivalent scalar potential in the
Einstein frame for R + 1
M2
Rβ gravity. We then find the
parameterM and β values which satisfy the observed am-
plitude ∆2R, spectral index ns and tensor to scalar r. We
fix model parameters for two cases: one with running of
ns and another without running of ns. In the Section (3),
we give a SUGRA embedding of the 1
M2
Rβ model with a
specific choice of the Ka¨hler potential K and superpoten-
tial W . In the Section (4), we show that the generalized
curvature coupling model ξφaRb + λφ4(1+γ) is equivalent
to R + 1
M2
Rβ model and give the relation between the
parameters of these two generalized models. Finally we
conclude in Section (5).
2. Power-law Starobinsky model
We start with a f(R) action of the form [54, 55]
SJ =
−M2p
2
∫
d4x
√−g
(
R+
1
6M2
Rβ
M2β−2p
)
(1)
where M2p = (8πG)
−1, g is the determinant of the metric
gµν and M is a dimensionless real parameter. The sub-
script J refers to Jordan frame which indicates that the
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Figure 1: The nature of the potential (5) for different β values (with
M = 1.7× 10−4). The potential and the field values are in Mp = 1
units.
gravity sector is not the Einstein gravity form. The ac-
tion (1) can be transformed to an Einstein frame action
using the conformal transformation g˜µν(x) = Ω(x)gµν(x),
where Ω is the conformal factor and tilde represents quan-
tities in the Einstein frame. Under conformal transforma-
tion the Ricci scalar R in the two frames is related by
R = Ω
(
R˜ + 3˜ω − 3
2
g˜µν∂µω∂νω
)
(2)
where ω ≡ lnΩ. If one choose the conformal factor to
be Ω = F = ∂f(R)
∂R
and introduce a new scalar field χ
defined by Ω ≡ exp
(
2χ√
6Mp
)
, using (2), the action (1) gets
transform to an Einstein Hilbert form:
SE =
∫
d4x
√
−g˜
[
−M2p
2
R˜+
1
2
g˜µν∂µχ∂νχ+ U(χ)
]
(3)
where U(χ) is the Einstein frame potential given by
U(χ) =
(RF (R)− f(R))M2p
2F (R)2
(4)
which, by using the f(R) form (1) and Ω = F =
exp
(
2χ√
6Mp
)
, can be given explicitly in terms of model
parameters M and β as
U(χ) =
(β − 1)
2
(
6M2
ββ
) 1
β−1
exp
[
2χ√
6
(
2− β
β − 1
)]
×
[
1− exp
(−2χ√
6
)] β
β−1
(5)
where we have taken Mp = 1 and from here onwards we
shall work in Mp = 1 units. Also we see that in the limit
β → 2 potential (5) reduces to exponentially corrected flat
plateau potential of the Starobinsky model.
Assuming large field limit χ ≫
√
6
2 and 1 < β < 2, the
potential (5) reduces to
U(χ) ≃ (β − 1)
2
(
6M2
ββ
) 1
β−1
exp
[
2χ√
6
(
2− β
β − 1
)]
(6)
2
We shall use eq.(6) later in the Section (3) to compare
with SUGRA version of the power law potential in the
large field limit.
In Fig.1 we plot the potential for small deviations from
the Starobinsky model value β = 2. We see that the poten-
tial is very flattest for β = 2 but becomes very steep even
with small deviation from Starobinsky model value β = 2.
The scalar curvature perturbation ∆2R ∝ U(χ)ǫ is fixed from
observations which implies that the magnitude of the po-
tential U(χ) would have to be larger as ǫ increases for steep
potential. The tensor perturbation which depends on the
magnitude of U(χ) therefore increases rapidly as β varies
from 2. The variation of r with β is shown in the Fig.3.
From eq.(5), in the large field approximation, the slow
roll parameters in Einstein frame can be obtained as
ǫ =
1
2
(
U ′
U
)2
≃ 1
3
[
β(3− 2β)
(β − 1)2 exp
(−2χ√
6
)
+
β − 2
β − 1
]2
(7)
η =
U ′′
U
≃ −2
3
[
β(3 − 2β)2
(β − 1)3 exp
(−2χ√
6
)
− (β − 2)
2
(β − 1)2
]
(8)
ξ =
U ′U ′′′
U2
≃ 4
√
ǫ
3
√
3
[
β(3 − 2β)3
(β − 1)4 exp
(−2χ√
6
)
+
(β − 2)3
(β − 1)3
]
(9)
The field value χe at the end of inflation can be fixed from
eq.(7) by using the end of inflation condition ǫ ≃ 1. And
the initial scalar field value χs corresponding to N = 60
e-folds before the end of inflation, when observable CMB
modes leave the horizon, can be fixed by using the e-folding
expression N =
∫ χs
χe
U(χ)
U ′(χ)dχ.
Under slow-roll approximation we use the standard
Einstein frame relations for the amplitude of the cur-
vature perturbation ∆2R =
1
24π2
U∗
ǫ∗
, the spectral index
ns = 1 − 6ǫ∗ + 2η∗, the running of spectral index αs =
dns
d ln k = 16ǫ
∗η∗ − 24(ǫ∗)2 − 2ξ∗ and the tensor to scalar
ratio r = 16ǫ∗ to fix the parameters of our model. Note
that the superscript ∗ indicates that the the observables
are evaluated at the initial field value χs.
We know from CMB observations, for 8-parameter
ΛCDM+r+αs model, that if there is a large running
of the spectral index αs = −0.013+0.010−0.009 at (68%CL,
PlanckTT+lowP) then the amplitude is 1010 ln(∆2R) =
3.089 ± 0.072, the spectral index is ns = 0.9667 ± 0.0132
and tensor to scalar ratio is r0.05 < 0.168 (95%CL,
PlanckTT+lowP) [5, 6, 7]. Also a joint BICEP2/Keck
Array and Planck analysis put an upper limit on r0.05 <
0.12(95%CL). Since the scalar potential U(χ) depends on
both the parameters M and β whereas the slow roll pa-
rameters depend only on β, therefore parameterM affects
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Figure 2: The regions of (ns, r) allowed by Planck-2015 and joint
BKP analysis at 68%CL and 95%CL are shown. In the upper panel
running of ns is considered and in the lower panel there is no running
of ns. The colored contour lines are the predictions for our model
for two sets of β and N values corresponding to M ≈ 10−4 which
satisfies the observed amplitude of the CMB power spectrum.
only the scalar amplitude ∆2R ∝ U(χ)ǫ whereas r, ns and αs
which depend only on slow roll parameters remain unaf-
fected by M . Therefore taking amplitude from the obser-
vation and fixing the number of e-foldingsN fixes the value
of M and β. We find numerically that for the best fit pa-
rameter values β ≃ 1.88 andM ≃ 1.7×10−4, the e-foldings
turns out to be N ≈ 20. The tensor to scalar ratio can be
further reduced to r ≈ 0.06 for β ≃ 1.92,M ≃ 10−4 but e-
foldings still comes out to be low N ≈ 20, see Fig.2(upper
panel). Therefore constraining model parameters using
running data implies that cosmological problems like Hori-
zon and flatness problems which require a minimum of
50 − 60 e-foldings cannot be solved with the power law
generalization of the Starobinsky model.
Also from CMB observations, for 7-parameter
ΛCDM+r model, when there is no scale dependence of
the scalar and tensor spectral indices the bound on r
3
Ne=20
Ne=60
1.80 1.85 1.90 1.95 2.00
0.00
0.05
0.10
0.15
0.20
0.25
0.30
Β
r
Figure 3: The variation of r with β shown for two cases studied in
our model: (i) for N = 20 when running of ns is considered and (ii)
for N = 60 when there is no running of ns.
becomes tighter r0.002 < 0.1 (95%CL, PlanckTT+lowP)
and the amplitude and the spectral index become
1010 ln(∆2R) = 3.089 ± 0.036 and ns = 0.9666 ± 0.0062
respectively at (68%CL, PlanckTT+lowP) [5, 6, 7]. We
find that the values ofM ≃ 1.7×10−4 and β ≃ 1.83 which
satisfy the amplitude and the spectral index for N ≈ 60
gives large r ≈ 0.22. Also we see that for β ≃ 1.88 and
M ≃ 1.25 × 10−4 tensor to scalar ratio can be reduced
to r ≃ 0.1 but it increases ns ≃ 0.985, see Fig.2(lower
panel).
3. Power law Starobinsky model from supergravity
In this section we give a SUGRA model of the power
law Starobinsky model. We shall derive a model where
the scalar potential in the Einstein frame is the same as
eq.(6) which we have shown in the Section (2) is equiv-
alent to the power law Starobinsky model R + 16M2R
β .
The F-term scalar potential in SUGRA depends upon the
combination of the Ka¨hler potential K(Φi) and the super-
potential W (Φi) as G ≡ K + lnW + lnW ∗, where Φi are
the chiral superfields whose scalar component are φi [57].
The effective potential and kinetic term in the Einstein
frame are given by
V = eG
[
∂G
∂φi
Kij∗
∂G
∂φ∗j
− 3
]
(10)
and
LK = Kj∗i ∂µφi∂µφ∗j (11)
respectively, where Kij∗ is the inverse of the Ka¨hler metric
Kj∗i ≡ ∂2K/∂φi∂φ∗j .
A no-scale SUGRA model [30] with a choice of the
Ka¨hler potential K = −3 ln [T + T ∗ − φφ∗/3] and a min-
imal Wess-Zumino superpotential with a single chiral su-
perfield Φ
W (Φ) =
µ
2
Φ2 − λ
3
Φ3 (12)
gives the same F-term potential in the Einstein frame
as the Starobinsky model which give vanishing tensor to
scalar ratio r ∼ 0.003 for specific choice λ
µ
= 13 . A slight
change in the ratio λ
µ
can increase r upto r ∼ 0.005 but it
gives large ns ≈ 0.98.
To get a no-scale SUGRA model corresponding to power
law Starobinsky model which can give a larger r, we choose
the minimal Wess-Zumino form of the superpotential (12)
and a minimal no-scale Ka¨hler potential with an added
(φ+ φ∗)n term as
K = −3 ln
[
T + T ∗ − (φ+ φ
∗)n
12
]
(13)
which can be motivated by a shift symmetry T → T + iC,
φ→ φ+ iC with C real, on the Ka¨hler potential. Here T
is a modulus field and φ is a matter filed which plays the
role of inflaton.
We calculate eq.(10) and eq.(11) for chosen Ka¨hler po-
tential (13) and superpotential (12). We assume that the
T field gets a vev 〈T + T ∗〉 = 2〈ReT 〉 = c > 0 and
〈ImT 〉 = 0. We write φ in terms of its real and imagi-
nary parts φ = φ1 + iφ2. If we fix the imaginary part of
the inflaton field φ to be zero then φ = φ∗ = φ1 and for
simplicity we replace φ1 by φ, the effective Lagrangian in
the Einstein frame is given by
LE =
n(2φ)n−2[c(n− 1) + (2φ)n12 ]
4[c− (2φ)n12 ]2
|∂µφ|2
− 4(2φ)
2−n
n(n− 1)[c− (2φ)n12 ]2
∣∣∣∣∂W∂φ
∣∣∣∣
2
(14)
To make the kinetic term canonical in the LE , we redefine
the field φ to χ with
∂χ
∂φ
= −
√
n(2φ)n−2[c(n− 1) + (2φ)n12 ]
2[c− (2φ)n12 ]
(15)
Assuming that n ∼ O(1) and the large field limit (2φ)n ≫
12c during inflation, integrating eq.(15) gives
φ ≃ 1
2
exp
(
2χ√
3n
)[
1 +
6c(n+ 1)
n
exp
(−2nχ√
3n
)]
(16)
Now substituting from eq.(12) and eq.(16) into the po-
tential term of eq.(14) and simplifing, we get the effective
scalar potential in the Einstein frame as
V =
144µ2
n(n− 1) exp
[
2χ√
6
(
3
√
2(2− n)√
n
)]
×
[
1− 2µ
λ
exp
(−2χ√
3n
)
− 9c(n
2 − n− 2)
n
× exp
(−2nχ√
3n
)]2
(17)
which, assuming 1 < n < 2, in the large field limit χ ≫√
3n
2 is equivalent to
V ≃ 144µ
2
n(n− 1) exp
[
2χ√
6
(
3
√
2(2− n)√
n
)]
(18)
4
β M n µ =
|λ|
2
αs =
dns
d ln k
1.83 1.7× 10−4 1.93 3.13 × 10−6 −9.16× 10−6
1.88 1.7× 10−4 1.96 5.54 × 10−6 −2.86× 10−3
2.00 1.1× 10−5 2.00 1.16 × 10−6 −5.23× 10−4
Table 1: The SUGRA model parameter values (in Mp = 1 unit)
for three values of β corresponding to running and without running
of spectral index ns as depicted in Fig.2 and for Starobinsky limit
β = 2.
We see that in the limit n→ 2 and with the specific choice
λ
µ
= 12 , the potential (17) reduces to Starobinsky Model
potential.
We can now compare the power law potential (6) and
SUGRA potential (18) for inflaton to show the relation
between the parameters of the two model. Comparing the
constant coefficient and exponent in the two potentials we
get
β =
2
√
n+ 3
√
2(2− n)√
n+ 3
√
2(2− n) (19)
and
M2 =
ββ
6
[
288µ2
n(n− 1)(β − 1)
]β−1
. (20)
Numerically we find the SUGRA model parameter values
(in Mp = 1 unit) for three values of β corresponding to
running and without running of spectral index ns as de-
picted in Fig.2 and for Starobinsky limit β = 2 as shown
in the TABLE[1].
4. Equivalence of the Power-law Starobinsky
Model with generalized non-minimally curva-
ture coupled models
In this section we will show that generalized non-
minimally coupled Inflation models ξΦaRb [11] with the
quantum corrected Φ4-potential [12, 13, 14] can be reduced
to the power law Starobinsky form. We consider the gener-
alised non-minimal coupling ξΦaRb and the quantum cor-
rection to quartic scalar potential Φ4(1+γ) into the action
SJ =
∫
d4x
√−g
(
−M
2
pR
2
− ξΦ
aRb
2Ma+2b−4p
+
1
2
gµν∂µΦ∂νΦ+
λΦ4(1+γ)
4M4γp
)
(21)
where the scalar field Φ is the inflaton field. Since during
inflation potential energy of the scalar field is dominant
therefore kinetic term in the action SJ can be neglected
w.r.t. potential, the action reduces to
∫
d4x
√−g
(
−M
2
pR
2
− ξΦ
aRb
2Ma+2b−4p
+
λΦ4(1+γ)
4M4γp
)
(22)
we may integrate out the scalar field through its equation
of motion ∂L
∂Φ ≈ 0 [15], which implies
Φ ≈
(
ξaRb
2λ(1 + γ)M
a+2b−4(1+γ)
p
) 1
4(1+γ)−a
(23)
Using eq.(23) for Φ, the action (22) reduces to power law
Starobinsky action∫
d4x
√−g
(
−M2p
2
)(
R+
1
6M2
Rβ
M2β−2p
)
(24)
where the two parameters β andM of the power law model
are identified in terms of a, b, λ, ξ and γ as
β =
4b(1 + γ)
4(1 + γ)− a (25)
and
M2 =
a
3(4(1 + γ)− a)λ
(
2λ(1 + γ)
ξa
) 4(1+γ)
4(1+γ)−a
(26)
which for a = 2, b = 1, γ = 0, i.e at β = 2, reduces to
Higgs Inflation-Starobinsky case M2S ≈ λ3ξ2 ≈ 10−10. Also
with a = 2, b = 1, γ 6= 0 results of the references [12, 13]
are obtained.
5. Conclusion
We have explored a generalization of the Starobinsky
model with a 1
M2
Rβ model and fit β and M from CMB
data. We find that to fit the amplitude ∆2R and the spec-
tral index ns (with no running) from observations [5, 6, 7]
we require M ≃ 1.7 × 10−4 and β ≃ 1.83 for N ≈ 60 but
these parameter values gives large r ≈ 0.22. Also we find
that the parameters β andM deviates from theM ≈ 10−5
and β = 2 of the original Starobinsky model which could
fit the amplitude and the spectral index but predicted very
small value of r ∼ 10−3. When large running of the spec-
tral index αs ∼ 10−3 is considered we find that the best fit
parameter values are β ≃ 1.88 and M ≃ 1.7× 10−4 which
gives N ≈ 20. This implies that the standard cosmological
problems like Horizon and flatness problems which require
a minimum of 50−60 e-foldings cannot be solved with the
power law generalization of the Starobinsky model.
We have shown that the 5-parametes generalised non-
minimal scalar-curvature coupled inflation models with
the quantum correction to quartic scalar potential i.e.
ξΦaRb + Φ4(1+γ) are actually equivalent to 2-parameter
power law Starobinsky model 1
M2
Rβ. Therefore we see
that in terms of number of parameters the power law
model is the most economical parametrization of the class
of scalar-curvature models with quantum corrected Φ4-
potential.
In this paper we have given a SUGRA model for the
general power law 1
M2
Rβ model by adding a (Φ+Φ¯)n term
to the minimal no-scale Ka¨hler potential and with a Wess-
Zumino form of the superpotential W (Φ). In the limit
5
n = 2 the Starobinsky limit β = 2 is obtained. We derive
the relations between the two parameters of the power-law
Starobinsky model and the two parameters of our SUGRA
model. The interesting point about the generalisation is
that the small deviations from the Starobinsky limit of
n = β = 2 can produce value of r ∼ 0.1 which is consistent
with the joint Planck+BICEP2+Keck Array upper bound
on r < 0.12(95%CL). Generalisations of the Starobinsky
model which can explain a possible larger value of r are
therefore of interest.
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